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Abstract
We give a new proof of Neumann and Zagier’s symplectic relations. This approach was originally
suggested by Thurston.
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1. Introduction
In his notes, Thurston showed how to construct hyperbolic structures on the ﬁgure-eight
knot complement by gluing together two hyperbolic ideal tetrahedra [7, Section 4.3]. Since
then, many more examples have been constructed and ideal triangulations have provided
a concrete way of understanding hyperbolic structures on knot complements and more
general ﬁnite-volume hyperbolic manifolds. In addition, because there is an explicit formula
for the volume of a hyperbolic ideal tetrahedron, ideal triangulations make it possible to
compute the volumes of hyperbolic manifolds. The notion of an ideal triangulation, or
positively oriented ideal triangulation to be precise, has also been generalized to partially
ﬂat/negatively oriented ideal triangulations (see [5,6]).
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Let M3 be an oriented non-compact 3-dimensional manifold which admits a complete
hyperbolic metric of ﬁnite volume. To construct a hyperbolic ideal triangulation on M3,
we begin with a topological triangulation T of M3 by ideal tetrahedra (tetrahedra with
their vertices removed) and try to realize each as a hyperbolic ideal tetrahedron in such a
way that their hyperbolic metrics consistently deﬁne a smooth hyperbolic metric on all of
M3. Since two faces of any two hyperbolic ideal tetrahedra can be glued with hyperbolic
isometries, a hyperbolic metric on M3— {edges inT} can always be deﬁned. However,
if the metric is to be extended to M3, certain gluing consistency equations around the
edges inT must be satisﬁed [7, Section 4.2]. Speciﬁcally, the shape of a hyperbolic ideal
tetrahedron is parameterized by one complex variable. Suppose T has n tetrahedra with
parameters z1, . . . , zn. Then a gluing consistency equation is of the form
g = ±
n∏
i=1
z
r ′i
i (1 − zi)ri ′′ = 1,
where r ′i , r ′′i are integers determined by the combinatorics of the triangulation.
A gluing function g can be considered as a particular instance of the holonomy of a curve
on M3— {edges inT}. In general, if  is an oriented closed curve on M3— {edges inT},
its holonomy is of the form
±
n∏
i=1
z
p′i
i (1 − zi)pi ′′,
where again, p′i , p′′i are integers depending on only the combinatorics of the curve and the
triangulation (see Deﬁnition 3.1 for a precise deﬁnition).
In [4], Neumann and Zagier show that these combinatorial coefﬁcients satisfy the fol-
lowing symplectic relations (see Theorem 3.2):
Theorem 1.1 (Neumann–Zagier). Let r = (r ′1, r ′′1 , . . . , r ′n, r ′′n ), s = (s′1, s′′1 , . . . , s′n, s′′n) be
the coefﬁcients of two gluing functions and let p = (p′1, p′′1 , . . . , p′n, p′′n), q = (q ′1, q ′′1 , . . . ,
q ′n, q ′′n) be the coefﬁcients of the holonomies of two curves ,  on M3. Then
 (r, s) = 0,
 (r,p) = 0,
 (p,q) = 2 · ,
where  is the usual symplectic form on R2n and  ·  is the signed intersection number of
 with .
These relations were used in ﬁnding asymptotic expansions for the volumes of hyperbolic
structures on M3 in a neighborhood of the complete structure [4]. In [2], these relations
were also used to show that the complex variety S deﬁned by the gluing equations is a
smooth complex manifold and to show that the holonomies of curves on M3 locally para-
meterize S.
The purpose of the present article is to give an alternative proof of Theorem 1.1, which
was originally suggested by Thurston. We have introduced a slight formalization in both
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the statement and the proof, which we believe helps to keep the combinatorics clear (see
Theorem 3.6).
2. Hyperbolic ideal triangulations
Throughout this paper, let M3 denote an oriented non-compact 3-dimensional manifold
that admits a complete hyperbolic structure of ﬁnite volume. This necessarily implies that,
topologically, M3 is the interior of a compact 3-manifold M3 whose boundary is the disjoint
union of a ﬁnite collection of 2-dimensional tori. Although M3 itself has no boundary, for
convenience, we refer to the boundary of M3 as the boundary of M3. The preliminary
notions in this section can be found in [7, Section 4.1,4.2] and overlap with the account
given in [2]. We shall give a summary of the facts which we will need.
A hyperbolic structure on an oriented ideal tetrahedron can be parameterized by one com-
plex variable as follows. Consider the intersection of the tetrahedron with a small horosphere
based at one of its ideal vertices. The intersection is a Euclidean triangle  determined up
to oriented similarity. A different choice of ideal vertex determines a triangle in the same
oriented similarity class. Label the vertices of  as (A,B,C) so that its ordering (A,B,C)
together with the inward normal is consistent with the orientation of the tetrahedron. Using
an orientation-preserving Euclidean similarity, we can place A,C at 0, 1, respectively. The
image z ∈ C−{0, 1} of the vertex B will serve as the parameter. Either Im z> 0 or Im z< 0,
depending on which of the two orientations was initially chosen for the ideal tetrahedron.
We say the tetrahedron is positively oriented if Im z> 0. It is easy to see that this notion
depends only on the initial orientation and does not depend on the other choices made.
When z ∈ R − {0, 1}, the tetrahedron is said to be ﬂat.
Note that z= r · ei is the complex multiple which takes the vector (0, 1) to (0, z). In this
way, we consider z to be the complex ratio associated to the vertex 0 and the complex ratios
associated to the vertices z and 1 are (z− 1)/z and 1/(1 − z), respectively. This can also be
thought of as associating a complex ratio to each edge of the tetrahedron, representing the
complex afﬁne map which takes one face containing the edge to the other (see the ﬁgure on
the right in Fig. 1).
Deﬁnition 2.1. (i) We say M3 has a combinatorial ideal triangulationT if tetrahedra with
deleted vertices can be glued together along their faces to obtain a manifold homeomorphic
to M3.
(ii) We say that a hyperbolic structure on M3 is realized by a positively oriented ideal
triangulation, if, furthermore, the hyperbolic structure on M3 is induced from a geometric
realization ofT by positively oriented hyperbolic ideal tetrahedra.
The combinatorial condition (i) can always be achieved if M3 admits a complete hyper-
bolic structure of ﬁnite volume. In fact, Epstein and Penner have shown that the com-
plete structure of ﬁnite volume on M3 can be decomposed into an ideal triangulation
which is very close to being positively oriented [3]. At worst, some of the tetrahedra may
be ﬂat.
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Fig. 1. Complex ratios associated to edges.
Suppose we glue a collection of positively oriented hyperbolic ideal tetrahedra along
their faces in the pattern speciﬁed by a combinatorial ideal triangulationT of M3. Since
the faces can be glued with hyperbolic isometries, the hyperbolic metrics on the tetrahedra
automatically induce a hyperbolic metric on M3 −{edges inT}. Condition (ii) will then be
satisﬁed if the gluing is consistent around each edge ε ofT. This means that the complex
ratios associated to the edges of the tetrahedra identiﬁed to ε multiply to 1 and the angles,
each between 0 and , add exactly to 2. Thus, a collection of positively oriented ideal
tetrahedra satisfying all the gluing equations deﬁnes a hyperbolic structure on M3.
Proposition 2.2. The number of edges in an ideal triangulationT is equal to the number
of tetrahedra.
The proof follows from calculating the Euler characteristic of the double of M3 and can
be found in [1, Lemma E.5.6].
3. Symplectic relations
We shall use the following notations:
{tetrahedra inT} = {1, . . . , n},
{edges inT} = {ε1, . . . , εn},
zi : the complex parameter for the tetrahedron i ,
e : an edge in a tetrahedron before gluing,
I : {edges in a tetrahedron before gluing} → {edges inT}; the identiﬁcation map
which takes an edge e to the edge εj inT to which it is glued.
To express the gluing equations more precisely and further to deﬁne the holonomy of a
curve on M3, consider the triangulationT′ on M3 induced fromT, see Fig. 2 (see also
[1, Fig. E.45]). Here, we are considering M3 to be the boundary of the manifold obtained
from M3 by removing small neighborhoods of the ideal vertices, each homeomorphic to
T 2 × (0, 1). A triangle  in T′ is the intersection of a tetrahedron in T with M3 and
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Fig. 2. Oriented 1-cells in the barycentric subdivision (left) and holonomy of  (right).
the vertices inT′ are the points of intersection of the edges inT with M3. Construct a
subdivision ofT′ by adding one vertex to the interior of each triangle  and add an edge
between the new vertex and each of the three vertices in . For ease of reference, we shall
abuse terminology and call the newly added vertices “barycenters” and the subdivision the
“barycentric subdivision”. Orient the 1-cells from the barycenter to the vertices of  as
indicated in Fig. 2. The labeling is chosen so that xA, xB, xC end at vertices with associated
cross-ratios z, (z−1)/z, 1/(1−z), respectively. We shall use the notation xA , xB , xC when
it is necessary to index the 1-cells by the triangle which contains them.
Let  be a closed oriented curve on M3 which does not pass through any vertex inT′
or any barycenter and which meets edges of the barycentric subdivision transversely. Each
time  crosses the 1-cell xA, there is a contribution of a factor z or z−1 to the holonomy of ,
depending on whether the sign of the intersection is (+) or (−). The analogous statements
hold for xB , xC with (z − 1)/z, 1/(1 − z) replacing z, respectively. More precisely,
Deﬁnition 3.1. The holonomy of  is deﬁned to be
hol() =
n∏
i=1
z
ui()
i
(
zi − 1
zi
)vi ()( 1
1 − zi
)wi()
,
where ui(), vi(), wi() are the sums of the signed intersection numbers
ui() =
∑
⊂i
 · xA , vi() =
∑
⊂i
 · xB , wi() =
∑
⊂i
 · xC
over the four triangles  ⊂ i .
Observe that ui(), vi(), wi() depend only on the homology class of  in H1(M3—
({vertices inT′} ∪ {barycenters})). If ′ differs from  only by a homotopy in M3 across
a barycenter, it is easy to see that hol(′)= −hol(). To remove the distinction between the
holonomies of , ′ which represent the same class in H1(M3— {vertices inT′}), we can
choose  so that it intersects only 1-cells of type xA, xC but none of type xB . Algebraically,
this says the holonomy can be rewritten to involve only factors of the form zi , 1 − zi
n∏
i=1
(−1)vi ()zui ()−vi ()i (1 − zi)vi ()−wi().
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From this point of view, the gluing function gj for the edge εj can be considered as the
holonomy of a small loop Cj on M3— {vertices inT′} which goes once around εj . In the
notation of Neumann–Zagier [4], gj is written
gj = ±
n∏
i=1
z
r ′ji
i (1 − zi)r′′ji .
Here, r ′ji = ui(Cj ) − vi(Cj ) and r ′′ji = vi(Cj ) − wi(Cj ), in our notation.
Note that if ′ differs from  by a homotopy in M3 across a vertex inT′ coming from
εj , then hol(′) = g±j hol(), depending on which way , ′ go around εj . Therefore, if the
gluing equations gi = 1, i = 1, . . . , n are all satisﬁed, then the holonomies of , ′ which
represent the same class in H1(M3— {barycenters}) coincide.
The symplectic relations of Neumann–Zagier are
Theorem 3.2 (Neumann and Zagier [4], Theorem 2.2). Let , ′ be closed oriented curves
with holonomies
hol() =
n∏
i=1
z
p′i
i (1 − zi)pi ′′, hol(′) =
n∏
i=1
z
q ′i
i (1 − zi)qi ′′
and let gj be the gluing function for εj ,
gj =
n∏
i=1
z
r ′ji
i (1 − zi)r′′ji .
Then the following formulae hold:
(i)
n∑
i=1
(r ′kir ′′li − r ′′kir ′li ) = 0, k, l = 1, . . . , n,
(ii)
n∑
i=1
(r ′jip′′i − r ′′jip′i ) = 0, j = 1, . . . , n,
(iii)
n∑
i=1
(p′iq ′′i − p′′i q ′i ) = 2 · ′,
where  · ′ is the signed intersection number of  with ′.
Observe that the formulae concern only the integers in the powers, which as we have seen,
are combinatorial data encoding intersection numbers. Thus, the above theorem is a purely
combinatorial statement and is true by virtue of the combinatorics of ideal triangulations.
We shall present an alternative proof of Theorem 3.2 to the original one given in [4].
Since we are interested in the intersection numbers whilst the geometric values of the zi’s
are not needed, it is convenient to introduce a slight formalization as follows. Let W be the
n-dimensional real vector space of formal linear combinations of the edges ε1, . . . , εn in
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T. Let V be the 2n-dimensional real vector space spanned by formal linear combinations
of a1,b1, c1, . . . , an,bn, cn subject to n linear relations
ai + bi + ci = 0, i = 1, . . . , n. (1)
Coefﬁcients of the vectors ai ,bi , ci will represent the number of times a curve  intersects
the 1-cells whose associated cross-ratios are zi, (zi − 1)/zi, 1/(1 − zi), respectively. More
precisely,
Deﬁnition 3.3. The combinatorial holonomy of  is deﬁned to be
h() =
n∑
i=1
(ui()ai + vi()bi + wi()ci ) , (2)
where ui(), vi(), wi() are the sums of the signed intersection numbers
ui() =
∑
⊂i
 · xA , vi() =
∑
⊂i
 · xB , wi() =
∑
⊂i
 · xC
over the four triangles  ⊂ i .
In particular,
Deﬁnition 3.4. The combinatorial gluing function g∗j is deﬁned to be
g∗j =
n∑
i=1
(
ui(Cj )ai + vi(Cj )bi + wi(Cj )ci
)
.
More generally, we can deﬁne a linear mapg∗ : W → V whose value on the basis element
εj is g∗(εj )=g∗j . Note that the relation in Eq. (1) makes the combinatorial holonomy well-
deﬁned on H1(M3— {vertices ofT′}).
Remark. SinceV is being identiﬁed with the space of coefﬁcients, modulo homotopy across
barycenters, the quotient of V by the subspace generated by {g∗1 , . . . , g∗n} would be the space
of coefﬁcients modulo homotopy across barycenters and vertices inT′. Hence, it is natural
to guess that V is spanned by {g∗1 , . . . , g∗n} along with the combinatorial holonomies of some
collection of curves in H1(M3). This is rigorously proved in [2].
Deﬁnition 3.5. Deﬁne a symplectic form  on the vector space V by
(ai ,bi ) = 1, i = 1, . . . , n, (3)
(ai ,bj ) = 0, i = j, i, j = 1, . . . , n. (4)
It is easy to see that the deﬁnition of  together with Eq. (1) implies that
(bi , cj ) = ij , (ci , aj ) = ij , i, j = 1, . . . , n, (5)
where ij = 1 when i = j and ij = 0 when i = j .
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We can now restate Theorem 3.2 as follows:
Theorem 3.6. Let , ′ be oriented closed curves on M3. Then the following formulae
hold:
(i) 
(
g∗(εk), g∗(εl)
)= 0, k, l = 1, . . . , n,
(ii) 
(
g∗(εj ), h()
)= 0, j = 1, . . . , n,
(iii) 
(
h(), h(′)
)= 2  · ′.
Before we begin the proof, we need to establish a notational convention. Recall that to
each edge e of i , there is an associated complex ratio of either zi or (zi −1)/zi or 1/(1−zi).
We shall denote the vector counterpart e ∈ V of e to be either ai or bi or ci , accordingly.
Then the combinatorial gluing function can be written as
g∗(εj ) =
∑
e:I (e)=εj
e. (6)
Proof. (i) We shall prove the equivalent statement that

⎛
⎝g∗
⎛
⎝ n∑
j=1
rεj εj
⎞
⎠ , g∗
⎛
⎝ n∑
j=1
sεj εj
⎞
⎠
⎞
⎠= 0 for any rεj , sεj ∈ R.
We use Eq. (6) and then group the edges according to tetrahedra

⎛
⎝g∗
⎛
⎝ n∑
j=1
rεj εj
⎞
⎠ , g∗
⎛
⎝ n∑
j=1
sεj εj
⎞
⎠
⎞
⎠
= 
⎛
⎝ n∑
j=1
rεj
∑
e:I (e)=εj
e,
n∑
j=1
sεj
∑
e:I (e)=εj
e
⎞
⎠
= 
⎛
⎝ n∑
i=1
∑
e:e in i
rI (e)e,
n∑
i=1
∑
e:e in i
sI (e)e
⎞
⎠
=
n∑
i=1

⎛
⎝ ∑
e:e in i
rI (e)e,
∑
e:e in i
sI (e)e
⎞
⎠
.
We use the fact that a tetrahedron i has six edges which group into three opposite pairs
according to their complex ratios. Let us say the edges e1, e4 have ratio zi ; e2, e5 have ratio
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Fig. 3. Pairs of canceling terms.
(zi − 1)/zi ; and e3, e6 have ratio 1/(1 − zi). Then for i we have,

⎛
⎝ ∑
e:e in i
rI (e)e,
∑
e:e in i
sI (e)e
⎞
⎠
=  ((rI (e1) + rI (e4))ai + (rI (e2) + rI (e5))bi + (rI (e3) + rI (e6))ci ,
(sI (e1) + sI (e4))ai + (sI (e2) + sI (e5))bi + (sI (e3) + sI (e6))ci
)
.
By Eqs. (3)–(5), we will obtain 24 summands, which we group by the faces of i into four
sets, each consisting of six terms which are of the form
(rI (a) · sI (b) − rI (b) · sI (a)) + (rI (b) · sI (c) − rI (c) · sI (b))
+ (rI (c) · sI (a) − rI (a) · sI (c)).
Here (a, b, c) are the three edges in a face f of  traversed in the order which gives f the
orientation as the boundary of  with inward normal. Since f is glued to the face f ′ of an
adjacent tetrahedron by an orientation reversing isometry, the six terms will cancel with the
corresponding six terms coming from the edges of f ′ (Fig. 3).
(ii) We shall prove the equivalent statement that

⎛
⎝g∗
⎛
⎝ n∑
j=1
rεj εj
⎞
⎠ , h()
⎞
⎠= 0.
Let a,b, c denote the vectors ai ,bi , ci , respectively, where the index i is determined
by which tetrahedron i contains the triangle . Then the combinatorial holonomy in
Eq. (2) can be written as
h() =
∑

∑
⊂
(
 · xA a +  · xB b +  · xC c
)
.
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Fig. 4. Remaining terms.
Since Eq. (6) gives
g∗
⎛
⎝∑
j
rεj εj
⎞
⎠=∑
j
rεj
∑
e:I (e)=εj
e,
we have

⎛
⎝g∗
⎛
⎝∑
j
rεj εj
⎞
⎠ , h()
⎞
⎠= ∑

∑
:⊂
[
(rI (e1) + rI (e4))( · xB −  · xC )
+ (rI (e2) + rI (e5))( · xC −  · xA )
+(rI (e3) + rI (e6))( · xA −  · xB )
]
=
∑

∑
:⊂
[
(rI (e1) + rI (e4)) · CB
+ (rI (e2) + rI (e5)) · AC
+(rI (e3) + rI (e6)) · BA
]
,
where CB, AC, BA denote the oriented edges in  between its vertices A,B,C.
Since there are four triangles  in each , each tetrahedron contributes 24 summands. As
in the proof of (i), since two adjacent tetrahedron are glued along a face by an orientation
reversing isometry, among these, the 12 terms of the form rI (ej ) · edge where ej and edge
are contained in the same face of , will cancel when the tetrahedra are glued together. The
remaining 12 terms involve edges of the triangles which ﬁt together to form small trivial
closed curves Cεs encircling the edges (Fig. 4). Thus the above becomes

⎛
⎝g∗
⎛
⎝∑
j
rεj εj
⎞
⎠ , h()
⎞
⎠=∑
j
rεj
(
 · Cεj
)= 0,
where  · Cεj denotes the signed intersection of  and Cεj .
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(iii)  (h(), h(′))= 2 · ′. Note that it follows from (ii) above, that the quantity on the
left-hand side is well-deﬁned on homology classes of curves in H1(M3). For any curve 
on M3 we can deﬁne its dual cocycle 	 on M3. We ﬁrst deﬁne 	 as a cochain
	(x∗) = signed intersection number of  and x∗,
	(edge inT′) = signed intersection of  and edge inT′.
Because the intersection of  and any small triangle in the barycentric subdivision is zero,
this guarantees that 	 actually deﬁnes a cocycle, 	 (cycle)= ·cycle, the signed intersection
of  and cycle. As  can be considered as an element of H1(M3— {vertices ofT′}), 	 can
be considered an element of H 1(M3— {vertices ofT′}). Now,
h() =
∑

∑
:⊂
(
	(xA )a + 	(xB )b + 	(xC )c
)
,
h(′) =
∑

∑
:⊂
(
	′(xA )a + 	′(xB )b + 	′(xC )c
)
.
Hence,
(h(), h(′)) =
∑

4∑
i,j=1
(
	(xiA)	
′(xjB) − 	′(xiA)	(xjB) + 	(xiB)	′(xjC)
−	′(xiB)	(xjC) + 	(xiC)	′(xjA) − 	′(xiC)	(xjA)
)
=
∑

4∑
i,j=1
(
	(ABi)	′(BCj ) − 	′(ABi)	(BCj )
)
,
where i, j are indices numbering the four triangles in each tetrahedron  and where, for
example, ABi denotes the oriented edge from A to B on the ith triangle.
We can split the above sum into two parts, one with i = j and the other with i = j .
We now show that
(a) the part with i = j has terms which cancel in pairs when the faces of adjacent tetrahedra
are identiﬁed and
(b) the part with i = j gives the desired intersection.
Proof. (a)
∑

4∑
i =j,i,j=1
(
	(ABi)	′(BCj ) − 	′ (ABi)	(BCj )
)
gives a total of 24 summands for each . Now if ABi and BCj are not contained in a
common face of , then we either replace ABi with −(BCi + CAi) in the case that CAi
and BCj are contained in a common face or replace BCj with −(CAj +ABj ) in the case
that CAj and ABi are contained in a common face. One and only one of the two cases
must occur, as can be easily deduced from Fig. 5. The purpose of these replacements is to
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Fig. 5. ABk,BCl, CAm are glued to AˆCˆkˆ, CˆBˆ lˆ , BˆAˆmˆ, respectively.
obtain the desired cancellations when the tetrahedra are glued together. We can now group
the terms by the faces of  into four sets, each consisting of six terms which are of the form
	(ABk)	′(BCl) − 	′(ABk)	(BCl) + 	(BCl)	′(CAm) − 	′(BCl)	(CAm)
+ 	(CAm)	′(ABk) − 	′(CAm)	(CAk),
where k, l,m are all distinct. Analogous to the proof of (ii), the cyclic ordering of (ABk,
BCl, CAm) on a face f of  will be opposite in parity to the cyclic ordering of the corre-
sponding edges on the face fˆ of ˆ to which they are glued (Fig. 5).
Hence pairs 	(ABi)	′(BCj ) − 	′(ABi)	(BCj ) will cancel when adjacent tetrahedra
are glued together to give
∑

4∑
i =j,i,j=1
(
	(ABi)	′(BCj ) − 	′(ABi)	(BCj )
)
= 0.
(b)
∑

4∑
i=j=1
(
	(ABi)	′(BCj ) − 	′(ABi)	(BCj )
)
=
∑
: inT′
(
	(AB)	′(BC) − 	′(AB)	(BC)
)
=
∑
: inT′
(
	 ∪ 	′() − 	′ ∪ 	())
= 2	 ∪ 	′(fundamental class of M3)
= 2 · ′. 
Acknowledgements
The author thanks the referee for carefully reading the manuscript.
Y.-E. Choi / Expo. Math. 24 (2006) 39–51 51
References
[1] R. Benedetti, C. Petronio, Lectures on Hyperbolic Geometry, Springer, Berlin, 1992.
[2] Y. Choi, Positively oriented ideal triangulations on hyperbolic three-manifolds, Topology 43 (2004)
1345–1371.
[3] D. Epstein, R. Penner, Euclidean decompositions of noncompact hyperbolic manifolds, J. Differential Geom.
27 (1988) 67–80.
[4] W. Neumann, D. Zagier, Volumes of hyperbolic three-manifolds, Topology 24 (1985) 307–332.
[5] C. Petronio, J. Porti, Negatively oriented ideal triangulations and a proof of Thurston’s hyperbolic Dehn ﬁlling
theorem, Exposition. Math. 18 (2000) 1–35.
[6] C. Petronio, J. Weeks, Partially ﬂat ideal triangulations of cusped hyperbolic 3-manifolds, Osaka J. Math. 37
(2000) 453–466.
[7] W. Thurston, The Geometry and Topology of Three-Manifolds, Princeton Lecture Notes, 1979.
